We investigate the chaotic behaviour of slip pulses that propagate in a spring block slider model with velocity weakening friction by numerically solving a computationally intensive set of n coupled non-linear equations, where n is the number of blocks. We observe that the system evolves into a spatially heterogeneous pre-stress after the occurrence of a sufficient number of events. We observe that, although the spatiotemporal evolution of the amplitude of a slip pulse in a single event is surprisingly complex, the geometric description of the pulses is simple and self-similar with respect to the size of the pulse. This observation allows us to write an energy balance equation that describes the evolution of the pulse as it propagates through the known pre-stress. The equation predicts the evolution of individual ruptures and reduces the computational time dramatically. The long-time solution of the equation reveals its multiscale nature and its potential to match many of the long-time statistics of the original system, but with a much shorter computational time.
. The spring block slider model. A chain of N blocks of identical masses (m) interconnected by coil springs of stiffness (k c ) is driven by a loading plate moving at a very low velocity (v) . The blocks feel the effect of the loading plate through a series of leaf springs of stiffness (k l ). Any block is stuck to the ground as long as the total elastic force acting on it is less that the static friction threshold. Once the static friction is exceeded, a sliding block experiences a dynamic friction force that varies inversely with the block sliding velocity. The blocks are subjected to an initial stress distribution that is constant everywhere but is larger than the static friction threshold for the middle three blocks to initiate rupture. As a block moves, it transfers stresses into neighbouring blocks causing them to subsequently move if the static friction level is exceeded. When all the blocks that have already slipped stop, we designate this as the completion of one event.
Figure 2. Contours of slip rate in one of the events generated by the spring block model showing a nearly constant rupture speed and a pulse-like character. The changing colour of the slip pulse indicates the average particle velocity in the pulse, which correlates with the slip left behind by the pulse.
It is known that the spring block model with pure rate-dependent friction cannot be a complete frictional description in a model of a smooth continuum fault (Rice 1983 (Rice , 1993 (Rice , 2006 Cochard & Madariaga 1996; Ben-Zion & Rice 1997; Rice et al. 2001) . However, the discrete formulation of our problem has several advantages; we can explore the long-time evolution of systems with multiscale ruptures and we can also investigate the effect of the strong non-linear feedback between the friction and slip rate. In many systems, from turbulent fluids to stock markets, the existence of positive feedback leads to instability, localization and chaos. The spring block slider model presents a handy tool to explore the implications of this feedback and to create new techniques that can be applied to the more complicated continuum problems.
The dynamics of the spring block slider models have been extensively studied (Carlson & Langer 1989; Carlson et al. 1991; Shaw et al. 1992; Elbanna 2011) . The most important results relevant to us here are: (i) events propagate in a pulse-like mode with a nearly constant rupture speed (Fig. 2) ; and (ii) pulses are approximately self-similar in shape, with their amplitude and width changing as they propagate but their Gaussian-or nearly triangular-shape is generally preserved (Fig. 3) .
The pulse width is found from the ensemble of simulations to be typically 1-5 per cent of the total event length. This extreme localization of the pulse, as well as its approximate self-similar nature, suggests that the system's dynamics are governed by the interplay between only a few variables that characterize the slip pulse and the pre-event stress distribution (also known as the pre-stress).
E N E RG Y B A L A N C E F O R P RO PA G AT I N G S L I P P U L S E S I N T H E S P R I N G B L O C K M O D E L
Energy conservation has to hold for the spring block model. The relevant forms of energy that contribute to the energy balance are: the potential energy of the linear coil and leaf springs (these are derivable from the pre-stress), the frictional dissipation and the pulse kinetic energy.
As the pulse propagates, we can identify two regions in the system: the region that has slipped and is now stuck, and the region that is currently slipping (the slip pulse). This is shown schematically in Fig. 4 . As the pulse propagates, it changes the potential energy of the system by deforming the coil and leaf springs. Part of this change in potential energy is lost as frictional heat and part goes into the kinetic energy of the slip pulse. In our model, the kinetic energy of the pulse is readily calculated as the sum of the kinetic energy of the blocks that are moving As the pulse propagates, the portion of the fault behind the healing tip is no longer slipping; the change in potential energy of the springs in this region can be fully expressed in terms of the final slip distribution and the pre-stress. At any given instant, the total energy of the slip pulse is calculated as the sum of the change in potential energy of the springs in slip pulse plus the sum of the kinetic energies of the blocks moving within the pulse.
within the pulse. (The kinetic energy of the block is half the block mass times its velocity squared.) In other words, for all instants in time Total dissipated frictional work = Change in potential energy of the system − Kinetic energy of the pulse.
(
By a slight rearrangement of terms, the above statement could be written as Total energy of the pulse = Change in potential energy of the already ruptured portion − Total frictional work.
The total pulse energy is the sum of the pulse kinetic energy previously defined and the change in potential energy of the springs, leaf and coil, in the region occupied by the pulse.
Eq. (2) has the advantage that behind the pulse healing tip, the system has reached its final state and consequently the change in potential energy in that portion can be exactly described in terms of the final slip distribution and the pre-stress. All the time-dependent variables are now grouped in the pulse and frictional energy terms. Interestingly, those quantities correlate with the amplitude of the slip pulse. Except for very small slip values, the total pulse energy can be approximated by E p = γ D ξ where D is the slip. This is verified in Fig. 5 for one of the spring block slider events. Using a log-log plot, the parameters ξ and γ are readily obtained: ξ is the slope of the straight segment and log γ is the value of its intercept at zero abscissa. A similar approach can be used for the frictional work term. The total frictional dissipation at a point is given by W f =τ f D whereτ f is the slip-averaged frictional stress at that point (see Appendix). For the same event previously considered, Fig. 6 shows thatτ f can be approximated asτ f = α D β , where β and log α are the slope and the intercept of the fitting straight line, respectively. These simple approximations leave us then with just two variables to work with: the pre-stress and the final slip. Figure 5 . Dependence of the total pulse energy on pulse slip. Except for very small slips, the pulse energy depends in a power-law fashion on the pulse slip and the power-law form is depicted in the rectangle. In the Appendix, we derive the equation that relates the final slip distribution to the pre-event stress state. Here, we just mention the equation in its final form
where k c is the stiffness of the coil spring, k l is the stiffness of the leaf spring, σ oc is the pre-stress in the coil spring and σ ol is the pre-stress in the leaf spring. The scaling coefficients and exponents α, β, γ , ξ are empirically determined from the numerical simulations, as discussed earlier, and are generally functions of the system parameters (see Appendix). In solving eq. (3), we use the same values of springs stiffness as those used in the spring block model and we discretize it with x = 1 to match the model discretization. We then get a discrete map in the form
The discrete map (4) estimates the slip at the point (i + 1) given the stress and slip at point (i). Since the equation is first order, we need to know the slip value at one point to get it started. For the test purposes, we choose this point to be at the location when the nucleation phase is over and a single pulse is fully developed. The results of the equation simulation, along with the slip solution generated by the spring block model, are shown in Fig. 7 .
The equation performed well in the pulse-like region, matching the slip profile both qualitatively and quantitatively. The equation also took just 1/10 000 the time required to simulate this event using the full spring block model. Two problems remain, however, if we are planning to extend this approach to simulate sequence of events systematically. First, how are we going to model the nucleation phase where the rupture is crack-like and our equation does not apply? And second, how are we going to handle bilateral events?
We decided that it would be best to simulate the nucleation phase accurately using the spring block model and then once the pulse is fully developed, we can use the equation to predict the slip outside the nucleation region. In this way, we would be able to get the correct slip initial conditions for the application of the pulse energy equation as well as to simulate bilateral events. Our model in this case becomes hybrid. The model is hybrid in the sense that a microscopic model, the full spring block model, is used to simulate nucleation whereas a macroscopic model, the energy pulse equation, is used to simulate further propagation.
With the hybrid model, the evolution of the system can be tracked systematically as outlined in Fig. 8 . Although the full spring block model is used in simulating the nucleation phase, the computational time is two orders of magnitude smaller than the time spent in solving the full set of the equations of motion for the whole rupture.
We test the long-time performance of pulse energy equation by generating 1000 events from the hybrid model and the full spring block model. Although the two solution techniques produce solutions that evolve differently, Fig. 9 shows the general statistical properties of the heterogeneous pre-stress for the 1001th event are similar. Fig. 10 shows the corresponding results for the events length distribution. Although there are quantitative differences, the distribution generated by the hybrid model is qualitatively similar to that generated by the spring block model; in particular, there is a hump in the distribution corresponding to the increased probability of generating a large event for this choice of system parameters. 
D I S C U S S I O N
Designing computationally efficient physically based earthquake simulators is a central problem in seismology and earthquake physics. Although a detailed dynamical modelling is essential for understanding the mechanics of earthquake ruptures on the level of individual events, there are many applications in which we are interested in the statistics of the system more than in the details of single ruptures. Such applications include, for example, seismic hazard analysis, statistics of seismicity and ground motion prediction. For such problems, we might not be interested in the detailed dynamic evolution of the rupture but a physically based kinematic description may be sufficient.
In this manuscript, we have introduced a new paradigm for simulating earthquake slip for pulse-like ruptures that is based on the energy budget of the propagating slip pulse. The proposed method is inspired by the localization of the slip pulse and its approximate self-similarity. At any instant of time during a pulse-like rupture, the slip pulse only occupies a very limited portion of the fault. Moreover, the pulse width and amplitude may grow or shrink during propagation depending on the conditions, but the pulse retains approximately its shape. These two observations, localizations and the approximate self-similarity, suggested that only a small number of degrees of freedom may be used to describe the evolution of the pulse.
We have found that a key to formulate a coarse-grained model for pulse-like ruptures is energy balance. In the spring block model studied here, where all the dynamic changes are localized to the pulse zone, the energy balance in this case takes the simple form: change in potential energy of the system at any given instant -cumulative frictional work dissipated by the pulse up to this instant = The current kinetic energy of the pulse. By writing down the exact change in potential energy in terms of the final slip and pre-stress, and by approximating the pulse energy and the frictional work as power laws in the pulse slip with power-law parameters empirically derived from the numerical simulation of the spring block model, we were able to formulate a differential equation that relates the final slip with the pre-event stress. The solution of the equation revealed many interesting features, but showed some limitations as well.
The equation performed well on the level of individual events. It predicted the basic features of the final slip distribution including slip amplitudes and total rupture length. The saving in computational time was at least two orders of magnitude. However, with the equation designed for pulse-like ruptures, it could not be used in simulating the nucleation phase of the rupture which is usually crack-like. To overcome this problem, we used the spring block model to accurately simulate the nucleation phase and once the rupture assumed the pulse-like shape we switched to the equation for the prediction of the final slip in the rest of the rupture. By using this hybrid approach (i) we accurately computed the nucleation, (ii) we got the initial slip value necessary for starting the equation right and (iii) we could simulate bilateral ruptures as two independent ruptures propagating opposite to each other. We were also able to use this hybrid model to simulate sequence of ruptures in a systematic way.
The hybrid model performed satisfactorily when used to simulate the long-time statistics. By performing a limited search in the scaling parameters space, we were able to find a combination of scaling parameters that led to long-time pre-stress statistics and large events size distribution similar to the corresponding statistics from the spring block model. The saving in computational time was almost two orders of magnitude. The success of our approach suggests that knowing the details of the dynamic propagation, manifested for example in the exact values of the pulses energy or details of friction, might not be very important for approximating the long-time statistics. This feature has analogies in many complex systems where the macroscopic long-term behaviour might not be very sensitive to the underlying microscopic dynamics.
The proposed pulse energy equation is based on principles that are shared with more complicated continuum models, such as pulse localization, energy balance and approximate self-similarity of the pulse. Extension of this approach to the continuum has to account for the existence of long-range interactions carried by the radiated wavefield. In the spring block model, long-range wavefield is absent since all interactions are short-ranged or done through the pulse propagation. We acknowledge that accounting for radiated energy will not be an easy task. Nonetheless, we hypothesize that the more localized the pulse is, the more sensitive it gets to the local pre-stress conditions than to the fluctuations carried by the radiated wavefield. Accordingly, we think it is still possible to extend the current approach to the continuum by adding a term in the energy balance equation that accounts for the radiated energy flux.
Finally, it is possible to extend this approach to other types of friction law as long as localized slip pulses are generated. Possible candidates are rate and state friction laws and slip weakening laws (if slip pulses are formed via the propagation of arrest waves). The energy balance is still valid in these cases. The pulse energy and the frictional work scaling laws will probably take a different form, however, and may not be simple power laws.
C O N C L U S I O N S
In this manuscript, we have presented a new paradigm for simulating slip in pulse-like ruptures using an energy balance approach. The key ingredients for this paradigm are the spatial localization of the slip pulse and its approximate self-similarity during propagation. The energy budget of the pulse as it propagates along the fault dictates that at any instant of time, the change in potential energy of the system minus the cumulative frictional dissipation should be balanced by the kinetic energy. Using this energy balance approach, and by approximating the kinetic energy and the frictional work by power laws in terms of the pulse slip, we were able to formulate, within a spring block model framework, a differential equation that can be used to predict the final slip in an event given the pre-stress distribution. The equation replicated the main features of slip in the pulse-like region of ruptures, including slip amplitudes and total rupture length, to a very good degree and in a much shorter computational time. The non-pulse-like portions of the rupture, for example, nucleation regions, are handled through the solution of the fully dynamic spring block model. By combining the spring block model for nucleation and the equation for further propagation (the hybrid model), we were able to match some of the long-time statistics of the solution of the spring block model, such as the pre-stress spectrum and large events size distribution, with two orders of magnitude savings in computational time. A similar approach might be applied to continuum models, but in this case, long-range interactions due to the radiated wavefield have to be included.
